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1 Explicitly defined logical language

Giuseppe Peano was the first mathematician to publish rigorously formalized logical
calculi in a readily verbalizable symbolic language, abbreviating words by their
initials [ ][ ']. However, due to alleged antinomies, his logical calculi failed to
gain acceptance. In fact, they are consistent and highly efficient. This has been
demonstrated in their update in the Peano chapters of the Universallogik [ ']. His
logic in the tradition of Aristotle, Leibniz and Boole has a natural and very simple
syntax for terms including propositions. Five basic terms suffice as a logical
foundation, namely the identity, the conjunction, the negation, the universe and
class terms, each with a defined verbalization:

Definitions:
A IS IDENTICAL TO B := (A=B) identity
AAND B := A-B conjunction
NOT A :=-A negation
EXISTENT := | universe
X WITH £, = {x|f,} class term

Free variables, replaceable by any terms, are always written in capital letters.
Bound variables are always written in lower case letters like x in f, .

These basic terms create a exeptionally powerful logical language, exclusively
using standard definitions a:=b, which explain new terms a by already known
terms b. The entire mathematical language is defined in this explicit form, as
Peano’s logic includes set theory and thus the current foundation of mathematics.
Specifically, Neumann’s set hierarchy, which until now has only been defined
implicitly through recursive axioms, is also explicitly defined here. It is well known
that it encompasses all sets of Zermelo-Fraenkel set theory. However, Peano’s
complementary set logic contains significantly more classes. Here, in addition to
Neumann’s hierarchy, manifold other hierarchies can be defined in an analogous
manner.

The structure of the logical language is discussed in the following sections. Each
section presents a logical level of the Universallogik, each with a few short axioms.
In total, twelve axioms are sufficient to prove all mathematical theorems. Only
theorems later used to describe hierarchies are quoted from the Universallogik,
with the page of the proof given in the margin as (... Sources for historical remarks
can also be found in this book.



2 Logic

Aristotle viewed logic as proof science. He introduced rules of inference for the
first time. They are updated here in a precise form and notated with derivation
operators F and —F, which do not occur in logical texts. Their metavariables for
terms have serifs in contrast to logical variables.

a - b means: If (every) a is provable, then (every) b is provable as well.
a - b stands for the rules a - b and b |- a.

Two rules of inference of Aristotle’s are basic. One is known as modus ponens and
uses an implication, however, it is not the usual implication in today’s propositional
calculi, but an algebraic implication that Leibniz first defined precisely:

Definition:
(A=>B) := (A=A-B)

Axioms:
a,a=>bkF b modus ponens Al g
a b a=l judgment A2 e

Elementary logic also includes an axiom of identity and three axioms for the
conjunction, describing a multiplicative idempotent monoid corresponding to the
composition of terms in natural language:

Definitions:
A-B-C :=(A-B)-C
A-B-C-D :=(A-B-C)-D etc.
A .. A N :=(A,-...-A,-N) fordefined adjectives A, ... A, and nouns N

Axioms:

(A=B) = (xAy=>xBy) identity axiom A3 s
A=A neutral Ad e
AA=A idempotent AS e
A-B-C=A-C-B permutative A6

These six simple logical axioms suffice to derive all important proof procedures,
because rules of inference, equations, and implications are essential jusitifications
in proofs. The proof technique is described in a user-friendly manner on four pages
in the universal logic (1151, It allows precise calculus proofs that fully correspond
to the usual more informal proofs. All calculus proofs there and also here in this
paper are linear deductions as a sequence of terms between which the justifications
are inserted as indices.



The following explanations of justifications may suffice here:

» Axioms and theorems are used with their , ., definitions, recognizable by the
character eliminated or introduced, with ,,,.

 Hypotheses of the theorem proved are labeled with ,,, ;. o -

« Single factors of proof terms are valid since the product is a conjunction;
this also applies for the domain of a quantifier.

» Underlined factors are referenced in sequential order with ;; ;;; 1, .

e .. indicates the omission of a factor.

e . .ume Indicates the insertion of a factor.

e _..me Indicates the application of a factor to an term named as , ...

e indicates automatic proof steps in Boolean Algebra, which are not carried
out here.

3 Classical logic

Classical logic also uses negation. As is well known, all other operators of classical
logic can be defined with negation and conjunction. All can be used for terms and
propositions, but different symbols and verbalizations are usually chosen:

Definitions for terms and sets: for propositions:
ENTITY := THING := | YES = |
0 :=-l NO :=0
A CUT WITH B := AnB := A-B AAB = A-B

A UNITED WITH B := AUB := ~(=A-B) AOR B := AVB := ~(=A--B)

A WITHOUT B := A\B := A--B

A 1S INCLUDED IN B := ACB:=(A=A-B) A IMPLIES B:=(A=B):=(A=A-B)
ALL A ARE B := (A=A-B)

A IS DIFFERENT FROM B := A;ﬁB = ﬂ(A=B)

ACB := (ACB)-(A+B)

Leibniz characterized negation effective and elegant by a synonym of implication
added to the logic axioms:

Axiom:
(A=A-B) = (A--B=0) negation rule AT o

From the axioms A1-A7 follow the rules of classical propositional calculi [ ] and
Boolean algebra. So, like Boole, one can do automatic proofs for any classical
theorem about terms or propositions 127. Included are indirect proofs, proofs with
contraposition, ex falso quodlibet, reflexive or other known rules not quoted here.



4 Identity logic with propositional sublogic

Logicians up to Boole used equations and implications only as rules, not yet as
full terms that can be substituted into all variables. Leibniz was the first to do this.
Two rules of his guarantee an effective identity logic:

Axioms:
(A£B) = ((A=B)=0) incoincidence A8 9
(A=>B)-A=> B substitution A9

Theorems:
(A=B) = (xAy=xBy) congruent [128]
(A=B)-xAy = (A=B)-xBy change [128]
(AvB)-(B=C) = AvC disjunctive [129]
ACA reﬂexive [130]
(ACB)-(BCA)=(A=0) antisymmetric [131]
(ACB)-(BCC)=>(AC(O) transitive [130]
(AcB)-(BcCO)=(Ac() transitive [131]
(ACB)-(BCO)=>(Ac() transitive [131]
0CA Acl extreme [131]
A-BCA, ACAUB upper term [130f]
(AC(O)(BCC) = (AuB)cC subsum [131]

As Leibniz didn’t publish anything on logic, his brilliant ideas remained fruitless,
especially his intelligent embedding of propositional logic in term logic by
the proposition rule p=(p=I). Syntax constructions for higher logics are thus
superfluous. The logic automatically includes a two-valued propositional sublogic
generated by equations so.

Theorems:
p = (p=l) for propositions p true [212)
-p = (p=0) for propositions p false [212]

As the term logic allows a conjunction of propositions with terms, conditional
definitions with case distinctions, which in conventional calculi cannot be defined
by a single equation, can also be formulated explicitly:

Definition:
AIF X ELSE B := A-XVvB-=-X

Theorem for definienda o, terms a, b and propositions p:
0 :=alF p ELSE b HF p=>(6=a), ~p=>(6=b) conditional definition 13



S Class logic

Leibniz formed classes by uniting individuals in the sense of one-element classes.
Peano defined them in his calculus of 1889/90, which is characterized by his rule
for the content of classes and an individual axiom from Leibniz:
Definitions:

EQUAL A := {A} = {x|x=A}

{A, B} == {A}lu{B}

{vy,...,0,} '={vy,....,v,_; }U{v,} for n>2 and variables v,, ..., v

AISINB :=AISAB :=AISB :=AeB .= {A}.-B#£0

(x€AIf,} 1= A{x|f,)

THE POWER OF A := CLASS OF A := PA := {x|xCA}

n

Axioms:
AeB => {A}CB individual A10 55
Xes=fy-(Xel) - s={x|f,} content  All
Theorems:

A€l = {A}£0 = Ae{A} existent [132]
A¢0 empty [132]
X€A=>A?50 not empty [132]
AeB= A€l x| }={x]f-(x€l)} real [132]
(AeB)-(BCC)=>AeC syllogism [133]
XeA=>Xe(AuB) extensive [133]
Xe(A-B)=(XeA)-(XeB) distributive [133]
Xe(AuB)=(XeA)V(XeB) distributive [133]
Ae-B=(A€l)-(A&B) XE(A\B)=(X€A)-(A&€B) exept [133]
A€l = (Ae{B}=(A=B)) equal [134]
CeX = Cefyy, ..., v, }=(C=v))V...v(C=0,) ambiguous [134]
v,eX = v,elyy,...,v,} for integers n>i>1 listed [134]
Xe{x|f, }=(Xel)-fx Xe{xeA|f, }=(XEA)-fx  satisfied [140]
Xea=Xebt a=b Xea=>Xebt aCh free [140]
{x|a-p}=p-{x|a} {x|p}=p for x-free propositions p  unbound [140]
PO:{O} Zero power [143]
P{A}={0,{A}} unit power [143]
P{A,B}={0,{A},{B},{A,B}} pair power

XCY=>PXCPY monotonic [143]

Bound variables always refer to existing terms with x&€l; only they can be elements,
but never non-existent terms with xél. Existence conditions x€l| are therefore



negligible for bound variables. In the case of free variables, however, the existence
or non-existence must always be taken into account. Because class logic has no
existence axioms, proofs in class calculus are more elementary than in set theory.
Therefore proofs of theorems are given here, even if they seem trivial or known:

Proof of pair power:
oot XEPLABY Luiied XEN-(XCLABY) 4oy p X=X-{AJUX-{B};
case 1 X=0: X=0 ., jisea XELO,{A}{B}.{AB}};
case 2 A€X case 3 BEX: (AeX)-(BEX) inuvidua TAYEX)-(UBYEX) subsum
{A}U{B}QX def+U2antisymmetric{A’B}ZX >Ul, listed XE{O,{A},{B},{A,B}},
case =1 X#0: case =2 (similar case =3): AEX 4,5 {A}-X=0
su3 B X=XABY sef sease -1 XELBD(XAB}#0) p 4or BEX jiividual
{B}QX + U4 antisymmetric {B}=X >Ul, listed XE{O’{A}’{B}’{A’B}}’
reverse,free: XE{O,{A},{ B}’{A’B}} real (def) ambiguous
(@)((X:O)\/(X={A})V(X={ B})\/(X={A,B})) >extreme >upper term >reflexive
(disjunciive) XELABHVIXS{AYU{ BHVIXCS{ATU{BHV(XC{A,B})
def, B XQ{A’B} + U5 satisfied XEP{A’B} =

Of course any classes can be defined, whether they exist or not. For example
Russell’s class, the prime example of a non-existent class, is a well defined term,
useful to define conditional terms:

Definitions:
AISNO B := A¢B := —(A€B)
THE RUSSELL CLASS := T := {x|x¢&x}
AIF B := AIF BELSE |

6 Defined predicate logic

In 1888, Peano introduced explicitly defined quantifiers in his class logic. No
later logician used his idea, although it is ingenious and produces without additional
axioms an efficient multi-sort predicate logic as part of propositional logic, because
relativized quantifiers for any terms can also be explicitly defined:

Definitions:
f. FORALL x :=Vx:f, = ({x]|f.}=D
f. FORALL x IN A :=Vx€A:f, :=Vx:(x€A=>f,)
Sy FORALL X,y IN A :=Vx,y€A:f,  =Vx:VyEA(XxEA>F, )
EXISTS x WITH £, := 3x:f, := ({x|f,}#0)
EXISTS x IN AWITH £, := Ix€A:f, := Ix:(x€EA)-f,)



Theorems for propositions f, and terms a:

Xea=>fy FVx:f, ,Vx€ea:f, general [138]
(X€a)-p=>fx F p=>Vxea:f, general [138]
(XeA)Vx:f =[x, (XEA)VXEA:f, = fx special [138]
(XEA)- fx=>3ax:f -AxEA:f, quantify [138]
Vx€A: f VxeEA:h, =VxeEA:(fh,) quantifier junction [139]
ACB = Vx:(xeA=>xeB) = VxeA:(xeB) subset synonym [141]
dx:(xeA)=(A#0) not empty [141]
Ax:(f,'p) = p-Ax:f, for x-free propositions p  not quantified [143]

With quantifiers you can define many other classes, for example union or classes
whose members are described by bound variable terms that require existential
quantifiers for precise definitions:

Definitions:
{T 1} = {ylIx:(f-(y=T,))}
{T, |\ fsy} = {z]3x:3y:( S, (z=T, )}
THE UNION OF ALL A := [JA := {x|3y:((y€A)-(xEy))}

Theorems:

TXE{Txle}=(TXE|)°fX satisfied [143]
Jo=0 zero union [144]
Ael = | J{A}=A unit union [144]
ACB = [ JAC|JB monoton (1441
U(AuB) = JAuUUB union of a sum (144
YeX = YC[UX upper bound [144]
YeX=>(AePY=>AeP|JX) upper power

Proof of upper power:

hyp2-satisfied +hyp1-upper bound (Ag Y)( Yg UX ) transitive Ag UX satisfied (hyp2-real)
AepP U Xm

7 Defined relation logic with functions

In 1888 Peano introduced ordered pairs for relations. In 1914, Hausdorff defined
functions as univalent relations. Explicit definitions need Peano’s operator 1 that
selects the member of a one-element class and Kuratowski’s pair from 1921. They
generate the complete terminology of functions in a direct and general way for any
classes:



Definitions:
(A, B) :={{A, B}, {A}} IF (Ael)-(Bel)
THE A :=1A := [JA IF Ix:(A={x})
THE F OF X := F(X) :=1{y|(X,y)EF}
THE FUNCTION F ON A = F}, = {(x, y)|(x€A)-(y=F(x))}
THE IMAGE OF A UNDER F := F[A] := {F(x)|x€A}
VALUE OF F :=ImF := F[I]
ARGUMENT OF F := DefF := {x|F(x)€l}
MAP := MAPPING := {f|f=f1,}
MAPPING FROM A TO B := A— B := {feMAP|(A=Deff)-(f[A]CB)}
F:A—B := FeE(A—B)
IDENTITY :=1d := {(x, y)|x=y}
GoF = {(x, y)ly=G(F(x))}

Theorems (with the axiom {x, y } €l, provable in set logic):

F(X)el=XeDefF argument
XEA = (F(X)=F T (X)) equal value
Def(F|,) = A-DefF , Im(F|,) = F[A] restriction
ACDefF = (A=Def(F 1 ,)) subfunction
(Ftplg=Flag double restriction
F1,=0, F[0]=0 empty function
FI{A}] = {F(A)} single image
FIAUB] = F[AJUF[B] sum image
ACB = F[A]CF[B] monotonic
6 ={(x, Y)ly=0,} graph
- AcDefé=>(5(A)=¢,), Defs={x|p, €}
Id[A]=A identical image
(GoF)[A] = G[F[A]] image of image
Ye|JFIX]=3zeX:((YEF(2))-(F(2)€l)) value element
Proofs:
subfunction:

ACDefF ,,, A=A-DefF A=Def(Fl,) =

empty function (first formula proved in 147):
FIO 4y {313y :((r=F ()-(XE0D} sy suse 113y :((y=F (x))-0)}
not quantified, unbound 0" {Y13Y:(y=F(x)} p 0 =

value element:
YEUFIX] susisfied 20 32:(3z:((a€D)-(a=F(2))-(z€X))-(Y €a))
da:3z:((Y€a)-(a€l)-(a=F (2))-(zeX))

restriction

not quantified

change, not quantified



3z:((YEF(2))-(F(2)EN(2EX)) 4op () FZEX((YEF(2))-(F(2)€ED))
reverted: satisfied 32:((Y €F(2))-(F(2)EF X)) yuanry 32:3a:((Y €2)-(a€F [X]))
+real not quantified (YE')HB(( YE&)(BEF[X])) satisfied YEUF[X] u

8 Defined set logic

Leibniz used an verbal binary set logic in his Monadology of 1714 [ ']. Peano
published1897 the first formalized set axioms in his Logique mathématique | '],
namely (AeK)-(BeK)=>A-Bek, AeK=>-Aek, {A}€l; they generate a comple-
mentary lattice [K. Russell and Zermelo thought that the Russell class also existed
in [, and therefore called his logic inconsistent 7. However, models show that
Peano’s complementary set logic is consistent s3r. His universe K can be defined
explicitly, so that his axioms are provable is4. The universe of Leibniz L and a
smaller extensional universe E can be defined too. This is done here in the easily
understandable Verbal Logic [ ], which defines a precise term language at a current
level. Short formulas for proofs result by definition.

Definitions:
SINGLE := x WITH {x} IS EXISTENT
COMBINABLE = x WITH x-y IS EXISTENT FOR ALL y
NEGATABLE := x WITH NOT x IS EXISTENT
IDEA := x WITH (x IS A SET =x IS A CLASS OF SETS)
K := COMBINABLE NEGATABLE SINGLE IDEA

TRUE = EQUAL YES

FALSE = EQUAL NO

EXTENSIONAL := x WITH {x} IS EXISTENT AND xUy IS EXISTENT FOR ALL y
BINARY := x WITH x=x IS TRUE AND x#x IS FALSE

[L := BINARY EXTENSIONAL IDEA

FALSIFIABLE = x WITH x-—x IS FALSE
[E := FALSIFIABLE EXTENSIONAL IDEA

Theorems:
BINARY = (I€{l})-(0€{0}) = (lel)-(0€&l) binary synonym
FALSIFIABLE = 0€{0} = 0€l falsifiability
K F (0€D)-(l&l) bit exists [153]
K F Ael=>Vy:(Auyel), {A}el extensional [154]

KFL FE chooseable universe
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Proofs:

binary synonym:
BINARY 4 {x|(x=3)E(IN-(XEX)E(0D)} supexie-smuesuse 1XI(1E{11)-(0€{0})}
unbound (I€{l})-(0€{0}) existent (Ieh)-(0el);

falsifiability:
FALSIFIABLE 4,0 {x|(x-=x)E{0}} 5 Lupouna OE{0} crisren O]

chooseable universe:
I extensionatt generat VXELVYI(XUYED) | vensionaiz YXEL(({X}ED-Vy:(xUy€l))
def, B EXTENSIONAL=I; K def -factors IDEA 5 |-IDEA U +bit exists
(0€l)-(I€l)-EXTENSIONAL IDEA .00y svnonym def L det factor fatsifiabitity def E ™

An explicit set definition determines the subclass M of all sets in the universe and

permits a derivable Cantor set theory in which complements of sets are not sets
and urelements in the sense of his ’objects of our intuition’ are possible ps;:

Definitions:
URELEMENT :=U := {x|-3yex:(y#x)}
FOUNDED :=F := {x|VyePx\U:((mye€y)-(y-my=0))}
POWERFULL := x WITH THE POWER OF x IS EXISTENT
SUMMARIZING := x WITH THE UNION OF ALL x IS EXISTENT
M := MENGE := SET := POWERFULL SUMMARIZING FOUNDED THING

Theorems:
URELEMENT={x|(x=0)-(x={x})} urelements [180]
ALL URELEMENTS ARE SETS, UCM primitive sets [180]

In K, L or E, set theory follows from Cantor’s axiom that set images exist o.
These are handled like sets according to analogous rules (*):

Axiom:
AeM=F[A]€l image of sets  Al2 1o

Definition:
IMAGE :=BILD := B := {f[x]|xEM}

Theorems:
{A, BleB, {AleB, 0eB, {A}e€l, 0&l * elemental [178]
AeB= G[AleB * real image (177]
(ACO)-(CeB)=>AcB * real part [178]
(AEB)-(ACB)=>| JAeB * real union [180/5)
]

AeB=>PAcB * real power (178
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AeM=ACM sets of sets [154]
AEM#"A%M, |¢M not-sets [164f]
AeM=F | ,EMAP submap [164]
AeM=>AeB, MCB subclass (17511]
AeEB=>PALF[A] no image [*164]

Proof of elemental:

as: {A AYEB 45 (A)EB (0C{A})-({A)eB) eb

proved | +extreme real part 0 real ™

Sequences are usually formed by counting with ordinal numbers. Cantor was the
first do extend this to the transfinite. In 1915, Zermelo first precisely defined ordinal
numbers with a counting operator A’ and the reverse count | A; his elegant implicit
definition can be converted into a short explicit ordinal number definition s

Definitions:
THE NUMBER AFTER A := A’ := AU{A)}
1:=0" 2:=1" 3:=2
ORDINAL := O := {zeM|Vxez:(x'€Z’)-VyePz:(|Jyez)}
SEQUENCE := SEQ := {f|3z€0:(f:z—>1)}

Theorems:
(Xe0)(Ye0) = (XCY)=(XeY) ordered [166]
e = ZCO number set [166]
(ZeX)-(Xe0)=>(Ze0)-(L#X)-(LCX)-(L=Z-X) subnumber
(A€0)-(BeO) = (AcB)v(BCA) linear [166]
O¢l, OgM tOtCllity [167]
XeY = (XEA’=(X€A)V(X=A)) smaller [167]
AeX = AeA count in [167]
AcO => A'e0 count [168]
0€0, 1€0, 2€0, 30 ordinal [169]
(Xe0)-(X#£0)-(X#1)=>1eX ordinal above 1
Ae0 = (| JA€O)-(lJAH=A) countdown [168]
Ae0 = (A={JAV(A=(A)) countdown limit [168]
(ZeX)-(Xe0)-(X=JX)=>Z'eX count limit
(Ze0)-(Z#£J2)=>JZeZ predecessor
Ae0 => A# [ JA) successor
(aC0)-(0€a)-(aCPa) induction [169]

(0eK)-Vxea-K:(x'eK)-Yxea:((x=Jx) (x-aCK)=>xeK) = aCK
fo» XEO=(f=fx) (X=UX)-VzeX:f,=>fx) transfinite induction
FVxe0:f,, XeO0=>fy
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VxeO:(xCK=>xeK)=>0CK transfinite class [169]
FeSEQ = DefFeO number arguments
(FESEQ)-(Ye)-(G=Fu{(DefF,Y)}) > continuation [172]
(G:DefF' = 1)-(GeSEQ)-YxeDefF:(F(x)=G(x))-(Y=G(DefF))

Proofs:

subnumber:
hyp2-number set Xg@ +hypl syllogism Ze0 ordered (hypl+2) ZcX def (Z?EX)(ZQX) def
/=/-Xm

ordinal above I 0, gor (nyp1) XCOVACTX)(XEL) 413 orderea (XEDVAEX)
deof XELODVLEX) Lpat tmyp1-reary X=0WVAEX) 112 e OVIIEX) p 1E€EX m
count limit ;... Z'&X
Z'gX falsestinear XSZ " monotonic
(XCL)-(LCX)-(L#X)
predecessor:
subrmmber (pl) Z €O countdowm timir Z=U2DVZ=UZL)) 11yp38 Z=UZ)
w1 countdown \JZEO coum in UZEWJZ) , UZEZ m
SUCCeSSOT:
A€ o in. count (AEAN(A'ED) pimber A FA countdown (hyp) A#JA)
(1) OCPO oot XED it sumber set XEN(XCO) yiifeq aep XEPO m
transfinite induction with K :={x|f }:

(general): prem,ise2>hyp (fXifX')'((XZUX)'VZEX:fz:}’fX) def satified

(XEK:X EK)((X= UX)'VZEX:ZEK:XEK) +hyp-distributive, +subnumber-distributive
(Xe0-K=>X'eK)-(X=JX)VzeX-0:zeK=>X€eK)
(X=UX)(X®QK)=>XEK general (hyp) +premisel +U-general
(0€K)-Vx€0-K:(x'€K)-Vxe0:((x=Jx)-(x-OCK)=>x€EK)
induction (reflexive, ordinal, (1)) GQK hyp syllogism XeK def satified fX "

ordered (hypl+2 subnumbe,r count)
UX C U 4 hyp3, countdown (subnumber) +subnumber
(X=2)(Z#X) 5O

antisymmtric

subset synonym

9 Explicite recursive definitions

Recursive definitions are usually formulated implicitly using recursion axioms.
They can also be explicitly defined as union of sequences with the same recursion
rule. If this union is a sequence, the recursion is not transfinite, but stops at an
ordinal number. In the transfinite case, this union is defined on all ordinal numbers
and is no set; this is the case, if the recursion value exists for any ordinals:
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Theorems for terms @, yg, I, 6:
Ye = VzEDefF:(F(z)z(pFrz)
I' := {feSEQ|y,}
5= U{fESEQl‘v’zeDeff:(f(z):qofrz)}
F XeDefé > 5(X)=¢6rx
Defé={xe€0|3f el":(xeDeff)}

- XED = (6(X)=p;),)

recursion rule

recursive funktions
recursive definition
recursion (1731
recursive arguments 7

real values (premise)
transfinite recursion

Def6=0 transfinity
Deféél, Defé&M totality
Xe0 = (X=Defé | x)-(6(X)el) subrecursion
Proofs with G:=6 |, U{(X, (pérx}:
(]) (XEG:D).)/F;\:’)/F[X y-general: Ze Def(F rX) restriction ZeX-DefF

distributive +hyp2-def (@)(ZEDG'FF)VZE DefFi(F(Z)=(0FrZ) subnumber(hypl) special
(Z=ZX)(F(Z)=(0F fz) change B F(Z)z(pFrX,Z equal value(U), double restriction
FIx(D=@Fy,;,

(2) (X€0)-(XCDefd) = (81 xESEQ) 51, * nypi saristied X EM submap, subfuncrion(hyp2)
extreme (5 rXEMAP)'(XzDef(é rX))(é[X]gl) def satisfied 6 I~X:)<_)I def-satisfied (hypl)

6 rXESEQ; recursion XEDef&:;’(é(X):(oé[X) general, def Vs hypl (1) Vs M x u

(3) (X€0)-(G(X)=g;,, ) VzEX:(G(2)=p;, ) = VZEX’Z(G(Z)=§05TZ)I

general: ZeX , smaller (Z eX )V(Z =X ) hyp3-special disjunctive, >hyp2 disjunctive

(G(2D)=05, W(G(2)=03,.) 5 C(D)=0;

(4) XeO=>(XCDef6=>X€EDef0): 1) rear vatues (hyp1+2) (61 xESEQ) 75 e (@5 rXED

subfunction(hyp2) X=Defo rX >U2-def, >continuation (Ul, U3, def) VZEXI(5 rx(z)=§05 rz)
(G:X'—=1)-(GESEQ)-VZEX (8 | x (2)=G(2))(95,, =G (X)) 4ot sarisiea DEFG=X'

>count in (hypl) M U4+6 quantifier junction, change VZEX:(G(Z)Z(p& [z) +U7, (3)
Vz2eX"(G(2)=0;5,,) ys der Y6 +Us satished TEL 109 quansy IFET(XEDefF)
+iypl satisfied X E{XEO|IFEL:(xEDeff)} Xe€Def6 =

transfinity, totality:
(1) VXEO:(xCDef6=>x€DefS) ,,uinite class OSDeFS
Def6=0-{x|3f €l":(xeDeff)} Def6CO
stotality for 0 DEFOEL, DefSEM m

transfinite recursion, subrecursion:
hyp +number set (XE@)(XQ@) transfinity (Xe Defa)(Xg DEf(S) recursion, subfunction
real value (hyp) (5(X)=(05 [X)°(X=Def6 rX)(qoé M x €|) change 5(X)€| u

recursive arguments

recursive arguments def

O=Defé

>upper term antisymmetric (U)
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A special case is the transfinite recursion with recursion rules for successor numbers
and limit numbers:

Theorems for terms A, o and the recursive definition of 6 with following ¢:
@r:=cf IF DefF#| JDefF ELSE A
real values + X€0 = (6(X")=c; fx/) successor value
(Xe0)-(X=JX) = 6(X)=4; " limes value

Proofs:
successor value:

transfinite recursion + subrecursion (real values, hyp-count) (6(X,)=<05 P! )(X'=Def6 rX')
Def6 | #( JDefé | 6(X")=05, , =

>successor(hyp) U, conditional definition

limes value:

transfinite recursion +subrecursion (real values, hypl) (5(X)=(,05 [X)'(XZDe.I-B rX) >hyp2
Def6 1 x={UDefd ! x v condirionat definition O(X)=45, "

10 Class hierarchies

The class hierarchies now discussed generalize Neumann’s set hierarchy, which
constructs sets by multiple powers of the empty set. One can also start with a class
using a power variant defined as image of a global swap function that swaps the
empty set with this start class.

Definitions:
Sy = {(x ) |y=(x-(x£A)VA-(x=0))} swap function
P,X = S/[PX] power variant
Theorems:
A€l=((XED-(XF£A)-(XF£0)=(S4(X)=X)) Jix
AEI=>(S5,(0)=A)-(S4,(A)=0) swapped
Ag1=>S5,(0)¢l swap gap
A€l (Xel)-(YED=((S,(X)=Y)=2(X=S5,4(Y))) swap back
AEI=>(S 405 ,=Id) self-inverse
A€I=>((0€B)-(AEB)=>(SA[BI={A}UB\{0}))) swap
AeB=(0eB=(S,[B]=B)) no swap
Xel = Xe{AJuB\{0}=(X=A)V(XeB)-(X#0) swap cases

Proofs with ¢y :=X-(X£AWVA-(X=0), CASES:=(X=AW(X=0)V(X£A)-(X£0):
(0) CASES: ,
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(]) (I)A:O: ¢A def A(A;'EA)VA(A:O) reflexive-true, change A_IIVO(A:O) B 0 u
(2) ¢O:A: d)o def O'(O#A)VA'(O:O) -reﬂexiveB A ]

(3) (X#A)(X#O)$(¢X=X) ¢X def X(X?EA)VA(X:O) hyp1-true, hyp2-false
X-IVA-0 ; X m

(4) Ael=>(Xel=>XeDefS,): (1)2)(3 disjunctive >CASES (@x=0IV(Px=AWV(Px=X)
disjunctive>elemental >hypl >hyp2, B ¢XE| satisfied-graph?2 (hyp2) Xe DefSA =

swapped:
(4) (hyp, elemental) (AEDefSA)(OEDefSA) graphl (SA(A)=¢A)(SA(O)=¢O)
>(1)(2) (hyp) (SA(O)=A)‘(SA(A)=0) u

JIX g i 1-4) XEDEES 4 grions SA)=Px (3) yp3ay Sa(X)=X u

swap gap:
: S, (0)el

indirect*

argument 0€Def.S A graph2-satisfied (:bOEI (2) A€l Om

(5) (A€D)-(XED=(SA(SA(X))=X):
casel S,(54(0))=0: S4(5,(0)) swapped (hyp]) SA(A) swapped (hyp]) 0;
case2 S ;4(S,(A)=A: SA(S4(A) swapped (hypl) S5,0) swapped (hypl) A,
case3 (X#A)(XF#0)=>(S (S 4(X))=X): SA(SA(X)=X fix (hyp1+2) SA(X)
fix (hypl+2) X; disjunctive: casel-3>CASES, B SA(SA(X))ZX u
swap back:
SA(X):Y congruent SA(SA(X)):SA(Y) (5) X:SA(Y) u
self-inverse:
AYCAY {CNy=Sa(SaDN} 5 hyp{(x’ Vly=x} def 1A m
swap cases:
XE{ANWB\{0} siswivusive XELANVIXEB\{0}) 10
(XE{ADVIXEB)(XE{0}) syuat (nyp) X=AV(XEB)-(X#0) m
(6) (X€ED)-(S4(X)eB)=XeS,[B]:
(XED-(SAXIEB) yuansifieca IX:((SAX)=X)(XEB)) v pac
I (X=S4()) (XEB)) yorsaispied (nyp1) XESALBI reverse: satisfied
(XED-Ix:(X=S400)(XEB)) 1109 puck IX:(SA(X)=x)-(xEB))
Ax:(S,(X)EB) not quantified +U (Xe)-(S)(X)EB)n
swap:
(7) SA(X)EB=(X=AWV(XEB)-(X#0) 1,/ ihree cases’
casel X=A: Sy(AVEB ,1pped nyp1) 0EB | z IV(A€B)-(A#0)
(A=A)V(AEB)-(A#0);
case2 X=0: $,(0)eB swapped (hypl) +hyp3 (AeB)-(A¢B) 5 0 ; 0-(0=A) hyp2-false
(OgB)(O:A) change(AﬁB)'(OzA) -hyp3 0=A B (A:O)VIO hyp2-true, reflexive-false

hyp-false

change

hyp2-true reflexive-true
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(0=A)v(0€B)-(0#0);
casel-3>CASES, B (7) (6) swap cases XESA[B]=X€{A}UB\{O} free
S,BI={A}UB\{0} =
no swap:
free: XESA[B] (6)SA(X)€B disunctive: hypl hyp2 swap cases>CASES, B XEB’ reverse*
XeB disjunctive: swapped/fix>CASES (X=SA(0))V(X=SA(A))V(X=SA(X))

quantify (elemental, hypl, U) disjunctive B EIX:(()<=*S1A (X))(XE B)) satisfied (hypl-real hyp2, U)
X€ES,[B]n

Of course, only the application of the swap function to the usual power is of interest.
The resulting power variant has similar properties and, as a special case, has the
usual power:

Theorems:
P X=PX usual power
XCY=2P,XCP,Y monotonic
AEIS(XEB= (P, X#F[X]) (P X#X)) no image
XeB=>P,XeB real power
(Ael)-(AE€PX) = P,X={A}JUPX\{0} swap power
AeEPX = P, X=PX fix power
(AE)-VyeX:(yCP y)=>UXCP,UX accumulation

Proofs:

usual power:

Sozld: SO def {(X7 )/)|y=(X_'(X=0)VO(X=0))} change

{CGNy=(x-2(x=0)vx-(x=0))} 5 {(x, Y)|y=x} 4 1d;

Py X def So[PX] , d[PX] PXnu
monotonic:

XCY
swap power:

extreme OQX satisfied (elemental)

def P, X={A}JUPX\{0} =
fix power:

extreme, satisfied (elemental) OEPX 1o swap (hyp) SAIPXIEPX 4op PAX=PX m
no image:.

L PoX=F[X]

indirect*

identical image

monotonic for P monotonic (for image)

0ePX SA[PX]={A}UPX\{0}

swap (hyp)

congurent, def SA [SA [pX]]ZSA [F[X]] image of image
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S 408 [PX]=S ,0F[X]
no image (for P)-false (hypl+2) O; special case

real power:
XeB

accumulation
freet £ eUJX satisfied 3Y (£ EY )‘(ﬂ D) nyp-special Y (ZEY)(YEPAY)) syitogism
Ay:(ZEP,y);
casel Z=A: case2 AeP|JX:
case 22 A¢PUX * casel>hyp-existent
swap power (hypl, case ~2) L EPa Uux;
casel-false (Z=A)=0 with case2: case3 AEPY: 4 power PaY=PY su3
EIy(ZePy) upper power(U2) 3.)/(ZG7JLJ)<) not quantified, fix power (case2) ZGPA UX’
case 73 AEPy: swap power (hypl) >U3 dy:(Ze{A}UPy\{0}) distributive, exept
Hy((ze { A})V(Zepy)(Z¢ { 0 })) equal (Ul-real, elemental)
Ay:(Z=A)V(ZEPy)-(Z#0)) casel-false, B Ay:((Z€Py)-(L#£0)) upper power (U2)
3.)/(267)L.J)<) not quantified ZEPUXﬁxpower (case2) ZEPAUX .
case _'2: upper power (contraposition)>U2 Agpy swap power (hypl) >U3 ay(ZE{A}Upy\{O})
distributive, equal (Ul-real) 3Y(L=A)V(ZEPy \{0})) casel-false, B, exept

Hy((zepy)(z¢{0})) upper power (U2) Hy((ZEPUX)(Zg{O})) not quantified, exept
ZePJX\{0} Ze{AYuPJX\{0} ZEP, X u

d[PX]=S ,0F[X]
P X#£1d[X]

identical image 7))<:‘S'Ao F[X]

self-inverse

identical image

real power for P PXeB real image SA[PX]EB def 7)A)<€[EB n

casel ZEPUX
Ze{A}

fix power (case2) ZEPAUX’
Ze{AJuP|JX\{0}

extensive

extensive swap power (hypl,case —2)

Neumann extended the powers of the empty set through their union into the transfi-

nite using implicitly defined set ranks. An explicit definition of class ranks with
the power variant achieves the same in a more general form:

Definition:
V= J{feSEQ|VzeDeff:(f(z2)=P,f (| Jz) IF z#| Jz ELSE | Jf[z])}
Theorems:
V,(0)=0 start rank
XEO = V(X N=P,VA(X) successor rank
(Xe0)-(X={UX) = V,(X)=UV,[X] limit rank
Ael = V,(1)={A} rank 1
XeO = V,(X)eB real ranks
(AED)-(AEV (X)) (YEP V(X)) = subrank-variant
(Y=AWV(Y TV (X)) (X#£0)
(AEV (X)) (YEPLVA(X)) = YTV ,(X) subrank
Xe0 = Ye| V[ X1=3zeX (YEV (2)) previous rank
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Proofs with o :=P,F(| JDefF), Ag:=\JImF, pp := DefF#|JDefF :

(4) Ae, ,=UF1Z], —pry = (@ ,=UFIZ)):
def '1Frz=U|m(Frz) >restriction /1Frz=UF[Z] conditional definition (hyp) §0FrZ=UF[Z]'

() (ZED)(Z=DefF 1 1)-pp,, >(0p, =P2F(UZ) (05, =P2F(U2)):
predecessor (hypl, iyp32) \JZEZ PE . conditional definition (hyp3) OF 1 def
P4F1Z([UDef(F12)) hyp2 PiF12(U2) equal value (hyp1, U) PyF(JZ)m

(1) (FESEQ)-(ZEDefF)=(qpr, =P4F(U2Z) IF Z#Z ELSE UFIZ]):

DeftFEQ (pnumbersubfunciion (myp2) (£ EO)(Z=Def(F | 2));
PEr, def OF1, PF,VARL, TPE, (o) disiuncive () PaF (UZ2)-pe VUFIZ]-pE,
def mp2 PaF(U2) IF Z#(JZ ELSE [ JF[Z]

(6) 6=V:
S 4 ULFESEQIVZEDESF:(f(2)=0f )} () Vam

(p) X€O= fx with f :=(XCDefé6=>¢; rXEB) transfinite induction*
base case f: subfunction ( f 5-hyp) 0=Defo g 010 union, defof p Ps, (1) §05r0=U5[0]
empry function P51, =0 zero union Ps1,=0 setementat P51, EB®

successor case XEO=>(fx=> fx):
fX/'hyp X,gDefé X/:Def6 rX,

number arguments (hypl)

subfunction >successor (hyp) p 6x (o) (hyp-count, U2)

Ps, X,=7)A5(U(X ) countdown (hyp) P} X,=PA5(X ) count in (hyp) +subnumber (hyp-count)
(XEX)XEX) yttogiom (1), wansicive (v1) (XEDef§)-(XCDef5)
(6(X)=6x) (6T xEB) pange OXIEB 1oat power for P,
limit case XeO=((X=JX)-VzeX:f,=>fx):
Fhyp?2 M def subfunction X=Defé hyp2 Psy (1) Py X=U5[X 1;
npi satisfied X EM suctass XEB et image OIX1EB;

6[X]QB free: YE(S[X] def satisfied HZ:(( Y=6(Z))(ﬂ)) syllogism (U4), subnumber(hypl)
EIZ((ZEDefé)(ZgX)) recursion transitive (U4) 32:((6(Z)=(05 [Z)(ZgDefé))

recursion, hyp2( fx)
Pro(X)EB 5 @5, EBn

(hyp3-special (U9) 32:(@5 TZEB) Ul10, U8, not quantified YGB;
real union (U6+7) UsLX1EB 5 @5, EBn
real ranks and real values:
XeO ,, XCDefé=>¢; €B .., 05, EB . @5, Eln

O(X)EB 5 Va(X)EB u

U transfinite recursion

start rank:

ordinal 06@ transfinity (real values) 06Def5 limes value (zero union) 5(0)216 Mo (6)(4)
VA(O)=U6[O] empty function VA(O)=O u
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successor rank:

, .
hyp-count, subrecursion X _Def(5 I\X/) >successor (hyp) &’

Va(X" 5) 6(X ) successor value (real values, hyp) O 81,1 (o) (hyp-count, U, U2)
7)A5(U(X ,)) countdown (hyp), () pAVA(X )m
limit rank:
VA(X) (5) 6(X) times vatue (reat vatues, nyp) A5 Iy (A) UslX] (5) UValX]=
rank I:

VA(I) def VA(O’) successor rank 7DA VA(O) start rank 7)AO def SA [PO] zero power SA [ { 0 }]

single image { SA(O) } swapped (hyp) {A } "
subrank-variant:

YGPAVA(X) swap (hypl) YE{A}VPVA(X)\{O} swap cases

(Y=AWV(YEPVAX))-(YH#0) juigiea (Y=AIVY CV(X)-(Y#0) =
subrank:

YEP,VAX)

previous rank:

YE U VA [X] value element
AzeX:(YEV,)(2))m

YEPVA(X) satisfied YQVA(X) "

no swap

32EX:((YEVA(2)-(Va(2)ED)

-real rank (hyp U subnumber)

Each class can be chosen as a start class. However, in the case of non-existent
classes such as the Russell class, the class of all ordinals or the class of all sets,
only empty ranks and empty hierarchies result. Effective cumulative hierarchies,
whose ranks form an ascending chain of inclusion of mappable classes, only result
from the union of all ranks if there is an existing start class:

Definition:
THE HIERARCHY ABOVE A =V, := [ JV,[0]
Theorems:
AgI=V,=0, V;=0, V=0, Vy=0 empty hiearachies
V,CBU{A}, AeB=>V,CB mappable
A€l = VxeQ:Vzex:(V(2)CTV (X)) cumulative hierachy
Proofs:

(0): AEI=VXED:(V4(x)=0) with fx :=(VA(X)=0) ,unsfinit induction’
base case fo: v rank Va(0)=0m

successor case Xe@i(infX'): VA(X,) successor rank 7)AI/A()<) hyp2-def 7)AO def
SA [PO] zero power SA[{ 0 }] single image { SA(O)} swap gap, not existent Om
limit case X€0=>((X=(JX)-VzeX:f,=>fx):
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case X=0: p.0 case Jo5 Case @3 VaCX) limit rank (hypl+2) UVA[X]
empty function (hyp3, case) U{O} unit union (elemental) Om
empty hierarchy:
Vg ULy 1350 =Va00)-(<€0D} 10y ULy 13x:((y=0)-(x€0))}
not quantified U{Y|(y:O)'EIX:(Xe®)} not-empty U{yl(y:O)'(®7é0)} -ordinal not-empty
U{lyly=0} def ULO} it union (elemental) O ®
(1) XeO = (YeV,(X)(Y#A)=>YeB:
sransfinite induction Wi fx :=(Y EVA(X))-(Y#A)=> Y EB:
base case fo: ; ppi YEVAO) sarerank Y EO conpry-sutse O Blex utso quodiivery Y EB

successor case X€EO=(fx=fx): 7, nyp YEVAX) cnccessor rame Y EPAVA(X)

Ul casel AgVy(X) subrank-variant (Y =AY SV (X)) (XFO) £ o uise 5 Y EVA(X);
Ul case2 AV X) subrank ¥ SVAXD) caser+2 +real rank, reat pare Y EB ®
limit case X€O=((X={UX)Vz€X: 1,2 1x): tmpr YEVAX) limit rank
Ye(UValX] previous rank AZ:((Y €V A(2))(2E€X)) jyp3-speciat 7, sphypr+vz Y EB
mappable:
freet Casel X=A: XEVa it oxistens XEAXT caser XELA} crtensive XEXEBU{ A},
case2 X#A: XEVy yor previous rank 3Z2:(XEVA(2))(ZED)) (1) 51, casez F2:(XEB)
not quantiﬁedXEB extensive XEBU{A} u
AEB siividual der {AY={AYB congruens BU{A}=BU{A}-B 5 BU{A}=B
V,CB =
(2) (AED(XEDV)=VA(X)CP AV A(X) with [y :=VAXICSP AV AX) ansfinit induction”
base case [y ovmeme OEPAVAO) yars rank VA(Q)SP 4V 4(0) m
successor case XEO=(fx=> fx): VAXICPAVAX) 1onotonic
PAVAXIEPAPAVAX) sucessor rank ValX /)QPAVA(X m
limit case X€EO=((X={UX)-VzEX:f,= fx): 1p3 VZEX:VA(2)CPVa(2)
accumulation (hyp) UVA [X]QPAUVA [X] limit rank VA(X)QPAVA(X) u
(3) (ZEX)(XED)=VA(ZICUVAIXI:
seet YEVAD) yuansifiy myp1) IZEXYEVAD)) previous rank (myp2) Y EUValX] m
cumulative hierachy: with fy :=Vz€X:(VA(2)CVA(X)) yansfinit induction”
base case [y et ZE0 4 nor empry (LEO)(ZEO) piox futso quodiivery Va(ZICTV 4(0) w
successor case XEO=>(fx=fx1): (2) thyp) +no image (veal ranks)
(VAP AV A (VAXDVEPAVAX)) ot successor rank tmypty VATV A(X);
Ix' generar £EX " smatler ypt) (LEXWN(L=X) f, special (=hyp2) disjunciive
(VA(D)TV A (X)V(£L=X) disjunctive: U-transitive, >U, B VA(Z)CV (X )m

>mappablel
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limit case detailed X€O=((X=|JX)-VyeX:Vzey:(V,(2)CVA(¥))=>fx):

. / !/
fX general* ZeX cout in (subnumber), count limit (hypl+2) (ZEZ )(Z GX) hyp3-special(hyp2) +(3)

(VA(Z)CVA(Z,))(VA(Z,)QUVA[X]) transitive VA(Z)CUVA[X] limit rank (hyp1+2)
VA(Z)CTV (X)) m

Neumann’s set hierarchy is apparently the case V;, with the usual power Py X=PX
without swap. With simplified notation one gets the following corollary:

Definitions:
V=V,
NEUMANN'S HIERARCHY = \/0

Theorems:
V(0)=0 start set rank
Xe0 = V(XH=PV(X) successor set rank
(Xe0)-(X=UX) = Vv X)=VIX] limit set rank
V(1)={0} set rank 1
V(2)={0,{0}} set rank 2
V(3)={0,{0},{{0}},{0,{0}}} set rank 3
VoM set hierarchy

The hierarchy schema also applies to urelements; with a simple transfinite induction
you get a larger hierarchy (with the usual power) that includes V, as a proper
subclass:

Theorems:
(A={A})-(X€0)-(1€X) = V,(XH=PV,(X) usual power ranks
(A={A}) = V,(1)={A} urelement rank 1
(A={A}) = V,(2)={0, A} urelement rank 2
(A={A}) = V,(3)={0, A, {0},{0, A}} urelement rank 3

Here, however, hierarchies are interested in which the empty set is swapped at each
step. Examples are V,, V,. Such regular hierarchies result, when the start class is
no subclass of a rank:

Theorem:
(Ael)-VxeO:(AZV (X)) =
XeO = V,(XH={AJUPV,(X)\{0} regular rank
Va(1)={A} rank 1
Vi2)={A{A}} rank 2
VaBQ)={A{ALUH{AL{A{A} ] rank 3
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Proofs:
regular rank:
hyp2-special (hyp3) def (AEVAX)) sarigtiea (nyp1), def AEPVAX) swap power (hyp1)
PAVAX)={AYUPYACONO} ucessor rank (nyp3) VaXD={AYUPV4(X)\{0} =
(1) 0&X = X=X\{0}:
0ZX 4r {0}-X=0 Lpgruens X\{0FU{0}-X=X\{0}U0 5 X=X\{0} =

(2) AEI$O¢{ {A} }: indirect OE{ {A}} equal 0={A} hyp-existent-false Om

(3) AcI=0{{AL {{AYL{ALAY ) dairee OSHAYL HHALLAALALY dbiguous
(O: { A } )V(O: { { A } })V(O: { A’ { A } }) disjunctive: hyp-existent-false, elemental-false, >listet(hyp), B
Ae0 Om

rank 2:

VA(2) def VA(ll) regular rank (hyp1 hyp2-special(ordinal)) {A}UPVA(I)\{O} rank 1
{AYWPLAINLO} i power {AYU{0{AIN{O} 4o {AYUH{A}IN{O} ()
{AJUH{AL} s {A{A]} ]

rank 3:

VA(3) def VA(ZI) regular rank (hypl hyp2-special(ordinal) {A}UPVA(Q')\{O} rank 2
{AYUP{A{AYINLO} ir power {ATU{0, {AL, {H{A}} {A{A}IIN{O} 5 o
{AJUH{AL ({AHLAALAYINGO) 5y aer {A{AL (A} {A{A}} ) m

Of course this hierarchy scheme also works when transcending set theory. In
Leibniz’s binary logic not only the empty set 0 exists, but also its complement
|, which produces in usual set theory Cantor’s antinomy 7, because there is a
set universe assumed: only the assumption M=I| generates the antinomy. With
Ockham’s razor we move this arbitrary assumption, because all essential results of
set theory are provable in the extensional universe even without it. There one can
consider the universe as existent without risk and thus gets Leibniz’s binary logic,
for which there are some equivalent axioms:

empty-false, B

Definition:
TRANSCENDENT :=T := NOT IMAGE

Theorems in [E:
Cantor or ZF set theory + M=| F Il set universe (96f]
L 4 11S TRUE —F | IS EXISTENT truth exists
L -4 11S TRUE AND 0 IS FALSE binary logic
L L=l -+ L=E Leibniz universe
L -+ lell —F | IS TRANSCENDENT transcendence
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Proofs:
truth exists:

L def binary synonym B, falsifiability def (lE{ | })[E -premise E, def |1S TRUE =
binary logic:
L def binary synonym B (le{1})-(0e{0})-E _premise E, def | IS TRUE AND O IS FALSE m
Leibniz universe:
ﬂ‘judgement L=l +premise L=I-E B L=E =
(2) (I=F[X])=>d | pxo F[X]=PX):
Id rPXOF[)CI image of image Id rPX[F[)(]] hyp Id rPX[l] def Im(ld r73X) restriction ld[PX]
identical image PXu
(3)1€B ;i 1EB satisfied I :((1=F(x))-(xEM)) (), IF:((Id [ p o [X]=P X)-(xEM))
no image-false 3ff(O(XEM]» not quantified B Om
transcendence:

L truth exists, def €l Leibniz univers leL real +(3) (IE|)(I¢B) exept le-B def leT real €l
[ m

truth exists

The existence of the truth affects the theologic of the Monadology [ ], where
Leibniz gives a valid proof of God with a precise definition equivalent to GOD={1},
analyzed in a section on an universal philosophical language in [ ] 1240 and already
in [ ]. But in his binary logic, the existence of truth has a far greater effect: it
creates the truth hierarchy. This is a immanent world created with swapped truth
values. It is as powerful as the set world because it is a bijective projection of
Neumann’s hierarchy into a class of mappable nonsets. This follows as a corollary
from a general theorem for hierarchies generated by a transcendent class:

Theorems:
AeT = (McB)-(Bcl) higher universe
AET = V,(X)={AJUPV,(X)\(0} regular alien ranks
AET = (V,C-M)-(V,CV,) alien worlds
Theorems in L:
| IS TRANSCENDENT transcendence
Xe0 = Vi(XH={l}JuPV,(X)\{0} regular truth rank
Vi(1)={l} truth rank 1
Vi2)={1.{1}} truth rank 2
Vi)={1, {1}, {{1}}, {L{I}}} truth rank 3
V,CBU{I} immanent thruth hierarchy

(V,E-M)-(V,E-Y,) supernatural world
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Proofs:
(1) AeT=>AEM:
indirect AEM

higher universe:

B# sdirec: B=1 snyp AE 1y reatsaise 0 extreme +ui (BED-(B#) 4, BClm

W indivect: M=B S omeniar {AYEM (¢ of sets +hyp-existent (Ae{A})-({A}CM)
syltogism AEM (1) tuise 05 subctass +v3 (MEB)-(M#B) 4., MCB u

(2) AgB=>VXeOQ:(AZV 4 (X)).
general, indirect ASVa(X)

regular alien ranks:
AET , AE-B ., (AED-(AEZB) ;) (A€])-VXED: (ALY 4(x))
VaX)={AJUPV,(X)\ {0} =

(3) (RC-M)-(R#0)=>R&M:
indirect: REM (ors or sers REM sor s mpi-aer (R=R-M)-(R=R-=M)
R=R--M-M 5 R=0,, fu1;. O m

(4) AET = X€0=>(V,(X)C-M) with fy :=V,(X)C~M
base case fy: ,prem O M s vank Va(O)S-M m

successor case XEO=>(fx=fx1): [x' free Yev,(X) regular alien ran,
subrank-variant ( YZA)V( YQVA (X ) ) (X 7&0) disjunctive: sucessor case-hyp2 transitive
(Y:A)V(YQ_IM)(X#O) disjunctive: (1)(hyp) (3), B Y¢M exept (U-real) YE_IM u
limit case X€O=((X={UX)-VzE€X: ;2 1x): 1 fiee: YEVAX) limit rank
YelJVAlX] AzeX:(YEV,(2)) Ye-Mu
alien worlds:

free: Xe\/A def XGUVA[G)]
XE-Mn

AeB Om

subclass hyp-def-exept-false

(ACV4(X))-(Va(X)EB)

real ranks

AeB hypl-false Om

real part

regular rank

change

transfinite induction

previous rank +hyp3-special f, syllogism

dze0:(XeV,(2))

previous rank (hyp) +(4) syllogism, not quantified

\/A c-M +set hierarchy contraposition(B) (\/A C— M) ’ (_' MC _'\/0 ) transitive

alien worlds1

The truth hierarchy is also part of Peano’s complementary logic [, in which L has
already been proved. In his logic complements of all sets and all real classes exist.
Thus there are immensely more potential images and isomorphic hierarchies. From
the point of view of ususl set theory, which only encompasses the lowest hierarchy,
this is a logical multiverse embedded in teh transcendent universe.
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